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A distributed control problem for the hyperbolic operator with an infinite number 
of variables is considered. The controls are allowed to be in the space 
L,(O, F, L,(R”)) = L,(Q). The necessary and sufficient condition for the control to 
be optimal is obtained and the set of inequalities that characterize this condition is 
also obtained. 
SOME CONCEPTS AND RESULTS 
Let (Pk(t))Fz r be a sequence of weights, fixed in all that follows, such that 
0 < Pk(l) E C”(R’), (P,Jt)dt = 1. With respect to this sequence we 
introduce, on Rm = R’ X R’ X,..., with boundary I-‘, the measure dp(x) by 
setting 
4$x) = (P,(x,) dx,) 0 V*(x2) k) 0 .** 
(R”O 3x=(x,)~~,,x,ER’). 
On R”O we construct the space L,(Ra, dp(x)) with respect to this measure 
[3], i.e., the space of functions u which are measurable and such that 
IIU II L2Ufm&(x)) = 
We shall often set L2(Rw, &I(X)) = L,(R’O). 
It is a classical result that L2(Rm) is a Hilbert space for the scalar product 
(uv eL2(Rm) = R” u(x) 4x1 &(x) I 
associated to the above norm [ 71. 
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We next consider a sobolev space in the case of an unbounded region. For 
functions which are I= 1,2,... times continuously differentiable up to 
boundary r of R O” and which vanish in a neighborhood of co, we introduce 
the scalar product 
(u, u) W’(R=) = 1 (D=u, Dav&c,, 
lUl<f 
where Da is defined by 
alal 
D” = (&,)y&,yz . . . ’ la/= F- a. - ” 
i= I 
and the differentiation is in the sense of a generalized function, and after the 
completion we obtain the Sobolev spaces W’(R “) (I = 1,2,...). As in the 
case of a bounded region, the spaces W’(R”O) (1= 1,2,...) form a sequence of 
positive spaces. We can construct negative spaces IV’(Rm) with respect o 
zero space W”(R “) = L,(Rm) and then we are equipped with the following 
111: 
Wf(Rm) GL,(R”O) = W(R”O) G W-‘(R”O). 
Analogous to the above chain we have a chain of the form 
W;(Rm)5L,(Rm)c w,-‘(R”O) 
Ilull W;(R=) 2 IbIIL*~R=? 2 Il4Iw~bw 
where 
and W;f(Roo) is its dual. 
L,(O, T, Wk(Rm)) denotes the space of measurable function t-f(t) of 
IO, T[ and the variable t denotes “time.” We assume that t E 10, T[, T < co, 
with the Lebesgue measure dt on IO, T[ such that 
is endowed with the scalar product 
which is a Hilbert space [7]. 
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Analogously, we can define the spaces L,(O, T;L,(Rm)) =L,(Q) and 
L,(O, T; W;‘(R”O)) and then we have a chain in the form [7] 
Jxo, T; mw) G L,(O, T; L,(R”O)) !E L,O, T; W($(RW)). 
The spaces considered in this paper are assumed to be real. 
The following notation will be used: 
Q = Ra x IO, Z-1, z=rx]O,T[; 
Z is the lateral boundary of Q. 
In [4,5] we proved that the bilinear form 
is coercive on Wh(R”‘), i.e., 
where A(r) is a bounded self-adjoint elliptic operator with an infinite number 
of variables that map Wh(Rm) onto W;‘(Rm), and takes the form [2] 
(A(C)) u(x) = - -7 
~, ~~j ~ <~ u(x)) 
+ s(w) u(x) 
= - f (D:u)x + q(x, t) u(x), 
k=l 
and q(x, t) is a real valued function in x which is bounded and measurable 
on R”O such that q(x, t) > C > 0, C is a constant. 
For all a, u E W;(R”O) the function t + n(t; a, V) is continuously differen- 
tiable on IO, T[ and 
n(t; u, u) = x(t, u, u). (2) 
Under the given consideration the theorem of Lions [6] can be formulated 
as: 
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THEOREM 1. Under the hypotheses of (1) and (2) iff = f(x, t), yO(x) and 
yI(x) are given in L,(Q), W(R”O) and L,(R”O), respectively, then there exists 
a unique element y that satisfies 
Y, a~Px,o ay/at E J%(Q), 
a*y/atz + A(~)-v = f in Q (3) 
y = 0 on z 
and with initial condition 
YCG 0) = Y&)3 ayiatk 0) = Y ,(.4 in Ra. 
Remarks. (i) From (3) it follows that 
a5,/at2=f-A(t)yEL2(o,T; w,-‘(~00)). 
(ii) The operator a2/at2 + A is a second order hyperbolic operator 
with an infinite number of variables. 
(iii) The problem defined by the above theorem is known as a mixed 
problem with an infinite number of variables. 
Now we formulate the control problem for this problem. 
FORMULATION OF THE PROBLEM 
The space U = L2(Q) is the space of controls. For fi yO, y, given with 
fE L,(Q), yO E W’(Rffi), y, EL,(R”),), and if (1) and (2) hold, then for 
control u E L2(Q) the state of the system y(u), which depends on x, t, is 
denoted by y(x, t; U) and is given by the solution of 
a*y/aXZ(U)+A(t)y(u)=f+u in Q, 
y(u) = 0 on C, 
Y(X, 0; u) = Y&)9 ww, 0; U) = Y,(X) in Rm, 
Y(U) E MO, T; J~,(R”O)) = L,(Q), aylat E MO, T; WR=‘)) = L,(Q). 
The observation z(u) is given by 
z(u) = Y(U). 
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N is given as NE L@.,(Q),&(Q)), 
(NW &,(p) 2 v II u II&v v > 0. 
The cost function J(u) is given by 
(4) 
(5) 
Let U,, (set of admissible control) be a closed, convex subset of 
U = L,(Q). We seek 
.$$, J(u)* 
Under the given considerations, we may apply the theorems of Lions [6] to 
obtain 
THEOREM 2. Let us assume that (l), (2) and (4) hold and the cost 
function is given by (5). The optimal control u is then characterized by the 
following system of partial dlflerential equations and inequalities: 
a*/at* y(u) + A(t) y(u) = f + u in Q, 
Y(U) = 0 on Z, 
Y(X9 0; u) = Yo(X>, (aY/w(x, 0; u) = Y L(X) in R”, 
a’/at’p(#) + A(t) P(u) = y(u) - zd in Q, 
P(u) = 0 on Z, 
qx, T; u) = 0, (aP/at)(x, T; u) = 0 on RCO, 
and 
I (P(u) + Nu)(v - u) dp(x) dt > 0 for all v E Uad, Q 
(p(U) + Nu, V - d&(Q) > 0 for all v E U,, , 
with 
Y(U), P(u) E L,(O, T; L,(R “)h 
@r/W(u), (WW(u) E L,(O, r; L,(R”O)). 
HYPERBOLIC OPERATOR 29 
Outline of Proof 
As in the proof of the theorem in [4,5] the control u E Ua,, is optimal if 
and only if 
that is, 
J’(u)(u - 24) > 0 for all u E Wad, 
The above equation may be written as 
1.’ (y@) - zd, Yk> - Y(“))dt + cNu, u - u)L,(Q) > O. 
d0 
(6) 
We formally introduce the adjoint state P(u) by 
&u)+A(1)P(u)=y(+z, in Q, 
P(u) = 0 on C, (7) 
P(x, T; u) = 0, @P/&)(x, T; 24) = 0 on R”, 
and from theorem 1, Eq. (7) admits a unique solution which satisfies 
P(u) E &(O, T; Wa)), s (~1 E &(O, T; b(R”O)). 
We shall now transform (6) as follows. We scalar multiply both sides of 
(7) by y(u) - y(u), which gives us 
joF ($W + A(OP(u)v Y(U) - Y(U)) dt 
= (Y@) - zd, Y@> - h))L2(Q)* 
We now apply Green’s formula to the left-hand side of the above equation. 
We note that if 4 E UO, T; UR”)), 4’ E L,(O, T; Lz(Rm>), 
0” E L,(O, T; W; ‘(Rm)) and if v has the same properties then 
J : @“v u/l dt = WV’). WV’)) - W(O), w(O)) - K’l w’(O) 
+ ($(O), w’(O)) + jF (4, w”) cit. 
0 
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From this. we deduce that 
(Y@) - zd, Y(‘) - J’+&.,(Q) 
= jr (PW, ($ + A(t)) yW -(-$ + 40) y(u)) dt 
0 
= 
I 
or (P(u), u - u) dt = (P(u), u - z&(~). 
Then, (6) may be written as 
for all v E U,,, 
which completes the proof. 
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